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Inverse Trigonometric Functions

If sin y = x, then y = sin-1x (We read it as sine inverse x)

Here, sin-1x is an inverse trigonometric function. Similarly, the other inverse trigonometric
functions are as follows:

If cos y = x, then y = cos~1x
Iftan y = x, then y = tan-1x
If coty = x, then y = cot-1x
If secy = x, then y = sec-1x
If cosecy = x, then y = cosec1x

The domains and ranges (principle value branches) of inverse trigonometric functions can
be shown in a table as follows:

Function Domain Range (Principle value

branches)
y=sin-lx [-1, 1] — % %
y =cos 1x [-1, 1] [0, ]
y =tan-1x R (_gg)
y =cot1x R (0, )

T
y=seclw | R-(L1) o.n {31
y=coseclx | R-(-1,1) -2 21— (0)

Note that y = tan-1x does not mean that y = (tan x)-1. This argument also holds true for the
other inverse trigonometric functions.

—1 N
The principal value of an inverse it an ( "G) -7 gonometric function can be defined as
the value of inverse trigonometric functions, which lies in the range of principal branch.

-1 - |
Example 1: What is the principal value of P40 ( - UC) +sin (1) 9

Solution: Let and sin-1(1) =z
= b e E = — E E
=tany = '/; tan(E) tan( E)and sinz=1=sin2
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We know that the ranges of principal value branch of tan-! and sin-
T T T T —_

Lare [ A 5) an [ 7 5] respectively. Also, tan( B %) - ﬁsm (%) =1

-1 = - =l _ 1
Therefore, principal values of tan ( B UG) B ? and sin (l) B %

" 1 - N 1 — T _
- + LIS EL
Jotan ( i'l-":] sin 1 3 5 5

e Graphs of the six inverse trigonometric functions can be drawn as follows
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1
¥ =cosec x

e The relation sin y = x = y = sin-1x gives sin (sin-1x) = x, where x € [-1, 1]; and sin-1(sin x) = x,
T T
where x € 272

This property can be similarly stated for the other inverse trigonometric functions as
follows:

Get More Learning Materials Here : & m &N www.studentbro.in



o cos(cos71x) =x,x€[-1, 1] and cos1(cos x) =x, x € [0, ]

o tan (tan-1x) =x,x € Rand tan-(tanx) =x,X € ( S22

T T

_nin
o cosec (cosec1x) =x,x € R- (-1, 1) and cosec-1(cosec x) = x, x E[ 272 ] - {0}

sec (sec’x) =x,x €R- (-1, 1) and secl(secx) =x,x € [0, ] -
cot (cot1x) =x, x € Rand cot1(cot x)=x, x € (0, )

e For suitable values of domains;

1

sin-1 (.1.- ) =coseclx,xeER-(-1,1)
)
cos't hx/=seclx,x€R-(-1,1)

cot _1.1.', r=0

an(1)=
: cot m,x—0x<

1
cosec1 (?): sin-1x,x € [-1,1]

sec1 (1_)= cosx,x € [-1,1]

tan _1.1', =0

J'r+tan_1.1.', x=0

Note: While solving problems, we generally use the

formulas X

or x < 0) are not given

o For suitable values of domains;
sin-! (-x) = -sin"1x, x € [-1, 1]
cos1(-x)=m-cosix,x€[-1,1]
tan-1(-x) = -tan"1x, x ER

o cosecl(-x) =-coseclx, |x| =21

secl(-x) =m-sec’lx, |x| =21
cot1(-x) = - cotlx,x ER

o For suitable values of domains;
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when the conditions for x (i.e., x>0
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T
o sin"x+coslx=2 ,x€[-1,1]

T
o tanlx+cotlx=2,x€R

T
o seclx+coseclx=2,|x| 21

e For suitable values of domains;

-1 x+
tan li, xy <1
4 4 1—xp
tan "y +tan Ty = .
mtan Ty s
-y ™" 4
° - - 1 x—y
tan x +tan Ztan T
o Y L4ny

Note: While solving problems, we Eenerally use the
tan ¥ + tan _ly = tan =22

formula 1-xy when the condition for xy is not given.

= gin —1 2.1.'2

e Forxe[-1,1], 2tan-1x 1+x
=t -1 2x
—tan —2

e Forxe(-1,1), 2tan-1x 1—x

=cos iz —=
e Forx30,2tan1x 1+x

P ~
Example: 2 For x, y € [-1, 1], show that: sin-1x + sin-1y = sin-1 (J Jl Y yv{l : )

Solution:We know that sin-1x and sin-1y can be defined only for x, y €[-1, 1]
Let sin-lx=a and sin"ly=b

=>x=sinaandy=sinb

1 _ _2 1 _ 2
Also,cosa=¥'"% andcosbh= ¥
We know that, sin (a + b) =sin a cos b + cos a sin b

=>a+b=sin1? [Ivtl _},2 +“FJ1 B IEJ

(=577

= sin-1x + sin-ly = sin-1

= 3 -1 1 =y
Example: 3 If tan (6) *tan (11) "> then find sec x.

1

+—=
X =tan l(i)ﬂ:an 1(1—)=tan Il_s 11
] 11 1— w L
11

Solution:

[ Y

(=1

We have
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x+y
l—xy

[Using the identity tan Ty +tan _lytan _1( and y =

. 55+8
S.x=tan |58

.5
),WhEiE.‘l. z

66—3
66
=tan 1
-z
4
- T _
sec ¥ =sec g VE
Example: 4

3 —1.'3
= where x&

Show that: 3tan-1x = tan-1 ( 1-3x

1 1
TERNE]

Solution: We know that,

3tan-lx = tan-1x + 2tan-1x

=tan lx +tan -2

x+ &
— -1 1-3 %
=tan R
1—x =
L 1-x 2
[ 3 —x 3
— .2
—tan 1-a 5
1-3x
L I-x z
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